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In these proceedings for CIPANP2015 we present a brief overview of
the current status of the theoretical approaches used by our group for
the extraction of |Vcb| and |Vub| through inclusive semi-leptonic B decays.
We discuss the calculations and implications of the recent perturbative
corrections to power-suppressed contributions for |Vcb|, and present an
overview of the major sources of theoretical uncertainty for |Vub|.
PRESENTED AT
CIPANP2015
Twelfth Conference on the Intersections of Particle and
Nuclear Physics
Vail, CO, U.S.A., May 19-24, 2015
ar
X
iv
:1
50
9.
08
78
2v
2 
 [h
ep
-p
h]
  6
 O
ct 
20
15
1 Introduction to the Inclusive |Vcb| Determination
A precise theoretical determination of the CKM matrix element Vcb is imperative for
an accurate exploration of heavy flavor phenomena. The b→ c transition is important
for the analysis of CP violation in the Standard Model(SM), and in constraining both
flavor violating processes and the CKM unitarity triangle values of ρ¯ and η¯.
The determination of |Vcb| from inclusive semileptonic B decays is based on an
Operator Product Expansion (OPE) that allows us to express the widths and the
moments of the kinematic distributions of B → Xu,c`ν as double expansions in αs
and ΛQCD/mb. These corrections are now known perturbatively to O(α
2
s)[1, 2, 3, 4, 5],
O(αsΛ
2
QCD/m
2
b)[6, 7, 8], and to O(Λ
3
QCD/m
3
b)[9, 10] in the Heavy Quark Expansion
(HQE)[11].
Mi = M
(0)
i +M
(pi,0)
i
µ2pi
m2b
+M
(G,0)
i
µ2G
m2b
+M
(D,0)
i
ρ3D
m3b
+M
(LS,0)
i
ρ3LS
m3b
(1)
+
(αs
pi
)[
M
(1)
i + M
(pi,1)
i
µ2pi
m2b
+M
(G,1)
i
µ2G
m2b
+M
(D,1)
i
ρ3D
m3b
+M
(LS,1)
i
ρ3LS
m3b
]
+
(αs
pi
)2
M
(2)
i +O
(
m4,5b , α
3
s
)
In Equation 1 one can see the different elements of the double expansion for a given
observable. For the observables that concern us, the green terms have been calculated
previously, the blue terms are the new corrections that have been added to the calcu-
lations of the necessary observables, and the red terms are currently being calculated
or have been approximated in various methods[12]. Each observable is dependent on
the masses of the heavy quarks, mb and mc, αs the strong coupling constant, and the
matrix elements of local operators operating on the B-meson at increasing powers of
1/mb. To the order currently calculated this includes µ
2
pi and µ
2
G at O(1/m
2
b), ρ
3
D and
ρ3LS at O(1/m
3
b). These matrix elements can be constrained by various measurements
of the first 3 central moments of the lepton energy and hadronic mass distributions
of B → Xc`ν. Each observable is measured varying the low-energy cut-off of the lep-
tonic spectrum and these have been measured to good accuracy at the B-factories,
CLEO, DELPHI and CDF.
Combining with the total semileptonic width, these parameters can then be used
to extract |Vcb| . In the past this strategy has been quite successful and has allowed
for a ∼ 2% determination of Vcb from inclusive decays [13]. Additional motivation
for increasing the precision of the extracted parameters is a desire to resolve a ∼ 2σ
discrepancy that exists between the current inclusive determination and the most
precise |Vcb| determination from the exclusive B → D∗`ν at zero recoil with a lattice
calculation of the form-factor [13, 14]. It should be noted however that the zero-recoil
form-factor estimate based on heavy quark sum rules leads to |Vcb| in good agreement
with the inclusive result [15].
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1.1 Theoretical Error and Correlations
The previous procedures used in the semileptonic fits[16, 17, 18] have been recently
re-examined and a few relevant issues are worthy of ones concern : i) the theoretical
uncertainties and how they are implemented in the fit, and ii) the inclusion of addi-
tional constraints on the parameters. For a thorough overview we direct the reader
to consult [19]. In brief, considering 100% correlation between an observable and
the same observable with a different cut on the leptonic energy is too strong of a
stipulation. This requirement is relaxed and tested with various parametrizations of
the correlations between observables.
We use a limited selection of the theoretical correlation options and additional
mass constraints. The full results have been published earlier this year [20]. We choose
to look solely at the scenario that provided the most accurate and reliable results at
O(α2s), which is the case of a functional theoretical correlation between moments
[D], and using the constraints of mc = m¯c(3GeV ), and not including external mb
constraints. This is performed with αs(µ) = αs(mb) = 0.22, and µ
2
G(µµG) = µ
2
G(mb).
1.2 Higher Order Corrections
The accuracy and reliability of the inclusive method depends our ability to control
higher order corrections. The perturbative O(αns ) corrections are known completely
to NNLO [1, 2, 3, 4]. The O(1/m4,5b ) higher order non-perturbative corrections have
also been calculated[12]. The O(αs/m2b) cross-terms from the dual expansions are
complete [6, 7, 8], and implemented in the current fit. The O(αs/m3b) corrections are
currently being calculated.
1.2.1 O(1/m4,5b )
The O(1/m4,5b ) corrections unfortunately have too many parameters to include in the
global fit.
2MBm1 = 〈((~p)2)2〉 (...)
2MBm2 = 〈g2 ~E2〉 2MBm8 = 〈(~S · ~B)(~p)2)〉 (2)
2MBm3 = 〈g2 ~B2〉 2MBm9 = 〈∆(~σ · ~B)〉
Their contribution has been estimated using the Lowest Lying State Saturation
[12, 21]. This is done by truncating the series of insertions of the lowest lying states,
〈B|O1O2|B〉 =
∑
n
〈B|O1|n〉〈n|O2|B〉. (3)
The influence of these corrections on |Vcb| have been explored by S. Turczyk and
P. Gambino and preliminary results are around δVcb
Vcb
' −0.35%. LLSA corrections
2
have also been found, but allowing 80% gaussian deviations from LLSA seem to leave
Vcb unaffected.
1.2.2 O(αs/m2b)
The newest corrections to be included are the NLO perturbative corrections to the
kinetic operators at 1/m2b . The goal of the calculation is to obtain the contributions
to the hadronic tensor,
W µν =
(2pi)3
2mB
∑
Xc
δ4(pb − q − pX)〈B|J†µL Xc〉〈Xc|JνL|B〉. (4)
This can be decomposed into
mbW
µν = −W1gµν +W2vµvν + iW3µνρσvρqˆσ + (...),
where each Wi can be double-expanded in 1/mb and αs,
Wi = W
(0)
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W
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pi
[
W
(1)
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µ2pi,G
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W
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i
]
.
A useful check are the re-parametrization relations for W pi,ni , where for all orders
W
(pi,n)
3 =
5
3
qˆ0
dW
(n)
3
dqˆ0
− qˆ
2 − qˆ20
3
dW
(n)
3
dqˆ0
. (5)
The hadronic tensor can then be calculated from the imaginary parts of gluon-
inserted diagrams of the forward-scattering amplitude as seen in Figure 1.
Figure 1: Diagrams contributing to O(αs/m2b), (x) denotes a gluon insertion for
symmetrization of HQET operators
Additionally. the expansion around the on-shell b-quark in QCD must be matched
onto HQET local operators. Analytic formulae are then obtained and unlike µpi, the
operator for µG gets renormalized.
3
1.3 Experimental Observables
The relevant quantities used in the fit are the first 3 moments of the leptonic energy
spectrum as a function of a cut on the lower energy limit,
〈En` 〉E`>Ecut =
∫ Emax
Ecut
dE` E
n
`
dΓ
dE`∫ Emax
Ecut
dE`
dΓ
dE`
, (6)
which are measured for n up to 4, as well as the ratio R∗ between the rate with and
without a cut
R∗(Ecut) =
∫ Emax
Ecut
dE`
dΓ
dE`∫ Emax
0
dE`
dΓ
dE`
. (7)
R∗ is needed to relate the actual measurement of the rate to one with a cut, from
which one can then extract |Vcb|.
Due to the high degree of correlation in the first three linear moments, it is ben-
eficial to instead study the central moments, including the variance and asymmetry
of the lepton energy distribution. In our procedure we will consider only R∗ and the
first 3 central moments,
`1(Ecut) = 〈E`〉E`>Ecut ,
`2,3(Ecut) = 〈(E` − 〈E`〉)2,3〉E`>Ecut . (8)
In the case of the moments of the hadronic invariant mass distribution we similarly
consider the central moments
h1(Ecut) = 〈M2X〉E`>Ecut ,
h2,3(Ecut) = 〈(M2X − 〈M2X〉)2,3〉E`>Ecut . (9)
1.4 Results
We first present the results of the numerical integration for each of the theoretical
observables as a function of the leptonic energy cut Ec in Figure 2. It is apparent
that the new O(αsΛ
2
QCD/m
2
b) corrections are non-negligible, and compete with the
NNLO contribution. This also drives the importance of continuing the calculation
of the NLO corrections O(αsΛ
3
QCD/m
3
b) , as the leading order 1/m
3
b corrections have
large coefficients, and so one would similarly expect the NLO correction to also be
competitive.
We perform the global fit following the same method as the previous determi-
nation, using for these proceedings only the case of [D] neglecting the external con-
straints onmb [20]. The bottom row of Table 1 is the results of the performed fit for the
matrix element parameters, quark masses, and the resulting determination of Vcb . We
find the new corrections lower Vcb by about 1%, leading to |Vcb| = (42.21±0.78)×10−3
[20].
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Figure 2: Contributions to some moments and observables from each correction.
mkinb mc µ
2
pi ρ
3
D µ
2
G ρ
3
LS BRc`ν (%) 10
3 |Vcb|
O(α2s,m−2b ) 4.541 0.987 0.414 0.154 0.340 -0.147 10.65 42.42
mc(3GeV) 0.023 0.013 0.078 0.045 0.066 0.098 0.16 0.86
mkinb mc µ
2
pi ρ
3
D µ
2
G ρ
3
LS BRc`ν (%) 10
3 |Vcb|
O(α2s, αsm−2b ) 4.553 0.987 0.465 0.170 0.332 -0.150 10.65 42.21
mc(3GeV) 0.020 0.013 0.068 0.038 0.062 0.096 0.16 0.78
Table 1: A comparison between new(lower) and old(upper) global fits for |Vcb| and
kinematic parameters.
Renormalization of µG(µ) and O(αsµ2G/m2b) lead to residual scale dependence seen in
Figure 3. It is worth noticing that the lower the scale, the smaller the corrections.
Theoretical errors, as seen in Figure 4, are generally dominant in the fits. They are
estimated in a conservative way by mimicking higher orders, varying the parameters
by fixed amounts (7% for µpi,G, 30% for ρD,LS). Quark-Hadron duality violation,
which is expected to be suppressed, would appear as an inconsistency in the fit.
2 The GGOU |Vub| Determination in Brief
We briefly discuss the current theoretical limitations on the inclusive Vub determina-
tion using the GGOU[22] method. We refer the reader to the relevant text for a more
through understanding of the calculations involved.
The hadronic structure functions in this case are dependent on unknown ”shape-
5
Figure 3: Relative NLO correction to the coefficients of µG(µ) in the width (blue),
first (red) and second central (yellow) leptonic moments as a function of the renor-
malization scale µ.
Figure 4: Theoretical error bands with experimental points for varius observables.
functions” Fi, that are convoluted with the perturbative hadronic functions,
Wi(q0, q
2) = mnib (µ)
∫
dk+ Fi(k+, q
2, µ) W perti
[
q0 − k+
2
(
1− q
2
mbMB
)
, q2, µ
]
. (10)
While these cannot be calculated from first principles, there exist a few ansatz that
can be used to constrain the possible functional forms of Fi(k+). For example, there
must be an exponential suppression as k+ → −∞; it should be Positive Definite
at tree level; there should be a hard cut-off, θ(Λ¯ − k+); and that in principle the
functions are non-universal, (F1,2,3), when including any power corrections. Using
these one can stipulate myriad functional forms that satisfy the constraints on the
kn+ moments from the OPE. GGOU explores a variety of these,
6
Fi(k+) = Ni (Λ¯− k+)ai ebi k+ θ(Λ¯− k+) (exponential)
Fi(k+) = Ni (Λ¯− k+)ai e−bi (Λ¯−k+)2 θ(Λ¯− k+) (gaussian) (11)
Fi(k+) = Nie
−ai
(
Λ¯−k++ biΛ¯−k+
)2
θ(Λ¯− k+) (roman).
One can see an example solution using the exponential form for F1 in Figure 5.
Figure 5: Exponential Form for F1(q
2, k+)
By varying these forms, including polynomial modifiers, we can gauge the contri-
bution to the theoretical error from the uncertainty in our model choice. Figure 6
shows the variation seen in these forms.
Figure 6: Various 2-parameter and polynomial shape-function forms.
This method leaves room for improvement as it is model dependent and introduces
bias. The theoretical error is again estimated by varying parameters.
3 Conclusions
For Vub, the dominant theoretical errors are due to the high q
2 region. Goals to improv-
ing the inclusive determination with the GGOU method could come from removing
7
the model dependence by using a statistically sound solution to the shape-functions
(a neural-network solution is in development). The code also needs updating with
the new fits for the kinematic parameters as well as the α/m2b corrections. Including
constraints from the spectra from Belle-II would also help reduce the error.
Vcb will become more precise with the addition of the NLO calculations to the
kinetic parameters at O(αs
Λ
m3b). Unfortunately, while we are confident in the appli-
cability of this approach, steady increases in precision have not necessarily improved
the 3σ discrepancy between inclusive and exclusive determinations.
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